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Simulation of many-particle system evolution by molecular dynamics takes to decrease integra-
tion step to provide numerical scheme stability on the sufficiently large time interval. It leads
to a significant increase of the volume of calculations. An approach for constructing symmetric
simplectic numerical schemes with given approximation accuracy in relation to integration step,
for solving molecular dynamics Hamiltonian equations, is proposed in this paper. Numerical
experiments show that obtained under this approach symmetric simplectic third order scheme is
more stable for integration step, time-reversible and conserves Hamiltonian of the system with
more accuracy at a large integration interval then second order velocity Verlet numerical schemes.
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I. INTRODUCTION
Numerical schemes, which is using for solving systems
of equations of many-particle dynamics, can have restric-
tions on a step and an interval of integration because if
they increase, the numerical schemes become unstable
and do not conserve integrals of motion. As a result,
when we simulate many-particle system behaviour on the
sufficiently large time interval we should decrease an in-
tegration step, which leads to considerable increasing of
computation quantity.
II. HAMILTONIAN MOLECULAR DYNAMICS
A motion of N -particle system in a field with poten-
tial V (q) can be described by the system of Hamiltonian
equations [1]
p˙ = −∂H(p,q)
∂q
, q˙ =
∂H(p,q)
∂p
, (1)
with initial conditions p(0) = p0, q(0) = q0.
Here q = (q1, , qd)
T - particle coordinates, p =
(p1, , pd)
T - particle momentums, d = 3N - a dimension
of coordinate space and
H(p,q) =
1
2
pTM−1(q) p+ V (q)
is a separable Hamiltonian of the system with symmet-
ric and positive definite mass matrix M(q) and a field
potential V (q).
III. DESIGN OF CONSERVATIVE
DIFFERENCE SCHEMES
An approach to design of conservative difference
scheme for solving Hamiltonian equations (1) is based
on following stages. First is a choice of appropriate type
of generating function S, which fixes a definite family
of simplectic difference scheme [2]. Simplectic difference
scheme corresponds to the canonical transformation of
canonical variables [3]. Solution of Hamiltonian system
(1) for a definite time moment can be represented as
canonical transformation and that is why conserves the
value of Hamiltonian [4]. Second is using of forward and
backward Taylor expansion of coordinate and momentum
on a time step for getting of a corresponding generating
function and remaining values of coordinate and momen-
tum. At last, obtained at the previous stage explicit
and implicit schemes are used for constructing symmet-
ric simplectic scheme for solving Hamiltonian equations
(1).
S =
h
2
(
qk+1 − qk
h
)2
− h
2
[
V (qk) + V (qk+1)
]−
− h
12
[ ∇V (qk+1)−∇V (qk) ] · (qk+1 − qk) ,
pk =
qk+1 − qk
h
− h
12
[
5∇V (qk) +∇V (qk+1) ]−
− h
12
H(V )(qk) · (qk+1 − qk),
pk+1 =
qk+1 − qk
h
+
h
12
[ ∇V (qk) + 5∇V (qk+1) ]−
− h
12
H(V )(qk+1) · (qk+1 − qk),
where H(V )(q) is Hessian matrix for V (q).
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2IV. NUMERICAL EXPERIMENTS
Obtained by described above approach difference
scheme of third order [5] was tested by solving the system
of equations (1) with Hamiltonian
H(p,q) =
1
2
(p21 + p
2
2)−
1√
q21 + q
2
2
,
so called Kepler two body problem, Results of numerical
calculations are compared for the symmetric simplectic
scheme of third order and well-known second order ve-
locity Verlet scheme with a time step h = 0.2 and a time
interval [0, T ], T = 5000. Approximate solution by Ver-
let scheme with a time step h=0.02 is used as an exact
solution [5].
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FIG. 1: Phase trajectories.
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FIG. 2: Conservation of Hamiltonian.
V. RESULTS
A new approach for constructing symmetric simplec-
tic numerical schemes for solving Hamiltonian systems
of equations is proposed. The numerical schemes con-
structed by this approach produce more stable and accu-
rate solution of Hamiltonian system (1) and better con-
serve the energy of a system on the large interval of nu-
merical integration for a relatively large integration step
in comparision with the Verlet method, which is usually
using for solving equations of motion in molecular dy-
namics.
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